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Het regime voor geladen brushes dat gekenmerkt wordt door een 
afwezigheid van tegenionen in de brush, zoals beschreven door Pin-
cus, bestaat niet. 
P. Pincus 1991 Macromolecules 24, 2912. 

-2-

In de limiet dat de zoutsterkte naar nul gaat gedraagt een brush 
met zwak zure groepen zich als een ungeladen brush. 

-3-

Indien de lading op het boeiblok een belangrijke rol speelt in het sta­
biliseren van een kolloidale suspensie door adsorptie van een anker-
boei diblok-copolymeer, dan neemt het stabiliserend effect toe bij 
afnemende lading op het boeiblok. 

In een forceprofile op een log-lineaire schaal is het niet de afsnijding 
van de horizontale as, maar de helling van de curve, die gerelateerd 
is aan de dikte van de geadsorbeerde laag. 

-5-

De overeenkomst die Van de Steeg et al. menen te vinden 
tussen voorspellingen van Muthukumar en berekeningen met het 
Scheutjens-Fleer model ten aanzien van de desorptie van poly-
elektrolieten, bestaat niet. 
H. G. M. van de Steeg, M. A. Cohen Stuart, A. de Keizer, B. H. Bijster-
bosch 1992 Langmuir, 8, 2538. 
M. Muthukumar 1987 J. Chem. Phys., 86, 7230. 

-6-

De theorie voor de adsorptie van zwakke polyelektrolieten van 
Böhmer et al. is niet sterk. 
M. R. Böhmer, O. A. Evers, J. M. H. M. Scheutjens 1990 Macro­
molecules, 23, 2288. 
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Het door Barneveld beschreven "lattice-artefact" wordt veroorzaakt 
door de gemiddeld veld benadering. 
P. A. Barneveld 1991 Proefschrift Landbouwuniversiteit Wageningen 

- 8 -

Vrouwenemancipatie is een modeverschijnsel. 

-9-

Als gevolg van het afnemende belang van de landbouw voor Ne­
derland, en door het feit dat de grootte van een universiteit in toe­
nemende mate belangrijk is, wordt het voortbestaan van de Land­
bouw Universiteit kritiek. In deze situatie zou zij zelf aktief moeten 
zoeken naar verregaande samenwerkingsverbanden en is het zeer 
de vraag of het opeisen van een penvoerderschap van een onder­
zoekschool een strategisch juiste keuze is. 

-10-

Het door veel vliegtuigmaatschappijen gehanteerde systeem dat 
"punten" verdiend kunnen worden door het maken van een zaken­
reis is een vorm van corruptie. 

- 1 1 -

In een door de Nederlandse overheid gefinancierde milieuspot pleit 
Hans Böhm ten onrechte voor het verminderen van het aantal ver­
schillende schoonmaakmiddelen in een huishouden. Het milieu is 
zeker niet gebaat bij een gebruik van aspecifieke middelen, omdat 
daarvan meer gebruikt moet worden voor eenzelfde effect. 

Adsorption of charged diblock copolymers, 
effect on colloidal stability. 
Rafel Israels 
13 april 1994 
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Chapter 1 

Introduction 

1.1 Subject 

This thesis deals with the adsorption of charged 
block copolymers and their effect on colloidal 
stability. We discuss the relevance of such an 
investigation for a number of technical applica­
tions below. First, however, we introduce the 
most important terms that we are going to use 
throughout the text: colloidal stability, adsorp­
tion, and diblock copolymers. 

To begin with, a colloidal system can be in­
troduced as any system containing structures, 
such as particles, droplets, bubbles, etc., that 
are much larger than simple molecules (i.e. ;§> 
1 nm) but, on the other hand, still very small 
(< l/xra). At least two different components are 
needed to form a colloidal system. One of the 
components forms a continuous phase, while the 
other one is dispersed in this continuum. Col­
loidal systems are ubiquitous in daily life. Ex­
amples can be found high in the sky, where we 
know clouds to be ice crystals in air, or down 
in the soil, where we may find mixtures of clay 
particles and water. In the human body, blood 
is a colloidal suspension of cells in plasma, and 
if we mix pigment particles in a solvent, the col­
loidal suspension we get is generally known as 
a paint. 

If the particles, droplets, or bubbles at­

tracted one another, they would lump together, 
forming bigger and bigger particles, until two 
separate phases have been formed. Colloidal 
stability means that such a phase separation -
in the case of solid particles called flocculation 
or coagulation - does not take place. Thus, all 
systems listed above exist by virtue of their col­
loidal stability: a lack of colloidal stability in 
blood would cause it to coagulate, in clouds it 
actually causes rain to fall down from the sky. 

Colloidal systems necessarily contain a large 
amount of interface: the surface of the solid par­
ticles, for example. If a third species is present 
in a colloidal system, it turns out that very of­
ten this component accumulates at these inter­
faces. This preferential accumulation is called 
adsorption. 

Adsorption is a common phenomenon in col­
loidal systems. We may understand why from 
the well-known physical principle "like prefers 
like", indicating that apolar molecules dissolve 
more readily in apolar than in polar solvents, 
and vice versa. From this principle, it follows 
that molecules with a polarity intermediate to 
that of the two components in a colloidal sys­
tem will favor the interface between the two. 
Bipolar molecules such as surfactants may ad­
sorb even more strongly to the interface, where 
they can arrange their polar head to be in con-
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tact with one, and their apolar tail to mix with 
the other phase. 

Now the third keyword can be introduced: 
polymers. Polymers are big molecules. They 
can be visualized as a string of beads, in which a 
single bead is called a monomer. We may distin­
guish homopolymers, in which all monomers are 
identical, and copolymers in which there are dif­
ferent types of monomers. Block copolymers are 
a specific class of copolymers. These molecules 
consist of several (usually two or three) differ­
ent homopolymeric blocks. Within these blocks 
all monomers are identical. 

Polymers are special in many ways. A well-
known feature of polymeric material is that it 
can have special mechanical properties. Thus, 
polymers are commonly used in protective lay­
ers, both in nature and in synthetic products. 
Examples include kératine in skin, synthetic 
clothes, paint, coatings, etc. Alternatively, 
polymers may be used to impart structure, as 
myosin does in muscles, cellulose in plant cell 
walls, and carbon fibre in tennis rackets. The 
large choice in different polymers makes it pos­
sible to optimize chemical and physical proper­
ties, such as chemical inertness, heat capacity, 
and melting point, to specific applications. 

A second feature of polymers is that often 
they adsorb at interfaces much more strongly 
than the disconnected free monomers. In or­
der to understand why, we have to introduce 
an abstract thermodynamic quantity: transla-
tional entropy. 

Translational entropy can be seen as "free­
dom to move". Free monomers can translate 
through a solution and thus have a relatively 
high amount of translational entropy. The seg­
ments in a polymer have lost much of their free­
dom: one might say that a polymer has little 
translational entropy per segment. This has 
important implications for many processes, be­

cause whether or not a process takes place de­
pends on its energetic as well as its entropie ef­
fect. It is widely known that processes in which 
energy is liberated take place readily. Also the 
fact that entropy is gained in a process makes it 
more likely to happen. For processes in which 
the energetic and entropie driving forces are an­
tagonistic (e.g., when energy is liberated and 
entropy lost), the relative magnitudes of the 
two effects determine whether or not the pro­
cess takes place. Adsorption is one of these pro­
cesses: it is driven by the liberation of adsorp­
tion energy, and more or less strongly hindered 
by an entropy loss. Because of their low transla­
tional freedom, polymers have little entropy to 
lose. Consequently, they do adsorb to interfaces 
more easily than small molecules. 

Applications that rely on adsorption include 
the use of polymers in adhesives and paints. 
Specific groups can be included in the adsorbing 
polymer to modify the properties of a surface. 
Polymers are used in this way in biosensors, and 
in preventing immunoreactions against artificial 
implants. The major effect that most polymers 
have on colloidal stability is also related to ad­
sorption. For example, a long polymer can ad­
sorb simultaneously to two particles and drag 
the particles together and thus induce fioccula-
tion. For obvious reasons, this is called bridg­
ing flocculation. On the other hand, adsorb­
ing polymer may also stabilize colloidal suspen­
sions. We will return to this point below. 

Another consequence of their low transla­
tional entropy is that polymers do not mix eas­
ily. Mixing two species increases translational 
entropy, while according to the "like prefers 
like" principle it is often energetically unfavor­
able. Polymers, compared to small molecules, 
do not have much entropy to gain, and gener­
ally dissolve only reluctantly in low-molecular-
weight solvents; in this case, at least the solvent 
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gains a considerable amount of entropy. With 
other polymers they mix only if the energetic 
interactions are favorable, which is hardly ever 
the case. 

The translational freedom of molecules is 
directly related to the osmotic pressure of a 
solution. That is why storage forms in liv­
ing cells, such as starch (poly-glucose) and 
polyphosphate, are polymers. A large number 
of monomers can be stored in this way without 
creating too high an osmotic pressure in the cell. 

As explained above, polymers have lit­
tle entropy, compared to a collection of free 
monomers. However, they have much more en­
tropy than a rigid rod of the same length: a 
polymer is flexible and has the conformational 
freedom to move the relative positions of its 
segments. A polymer in solution continuously 
changes its conformation, resulting in an aver­
age shape that is somewhat like a coil. Now 
suppose we squeeze such a coil between two sur­
faces. This would restrict the conformational 
freedom of the polymer, an unfavorable situ­
ation as we have seen above, and a repulsive 
force on the surfaces is expected. Although an 
adsorbed polymer generally has lost some of its 
coil shape, it still has a considerable amount of 
conformational entropy. Thus, thick adsorbed 
polymer layers may prevent flocculation, be­
cause of the potential loss of conformational en­
tropy. The latter phenomenon is generally re­
ferred to as steric stabilisation. 

The combination of more than one type 
of monomer in a copolymer makes it possi­
ble to combine functionalities within a single 
molecule. This is exploited optimally in biol­
ogy, as in enzymes, which may contain several 
sites to which different substrates can bind as 
well as one or more other sites to which reg­
ulator molecules bind. Note that a single site 
generally consists of at least two or three chem­

ical groups. It is only the combination of these 
groups which makes an active site, and it is only 
the combination of these sites in one molecule 
that makes the enzyme useful to the cell. 

An noteworthy application of the combina­
tion of functionalities is the function of copoly­
mers in information storage and transfer. In 
DNA, for example, four different monomers 
combine in a specific sequence to archive the 
structures of all the proteins in a cell. Com­
pared to a microchip, we would find DNA to be 
an extremely compact storage form. 

Man-made applications of copolymers do 
not approach this level of sophistication. One of 
the most complicated synthetic molecules that 
can be made so far is a block copolymer, in 
which the features of two or more homopoly-
mers may be combined. For example, the mix­
ing of two incompatible polymers A and B may 
be enhanced by adding a diblock copolymer 
consisting of an A block and a B block. Such 
a molecule may stabilize the A-B interface and 
thus improve the mixing by assuming a confor­
mation in which the A block extends in the A 
phase, and the B block in the B-phase. This 
application is very similar to the solubilization 
of oil in water by surfactant molecules. 

A second application of diblock copolymers 
is in improving colloidal stability. As explained 
above, polymers may either induce flocculation 
due to bridging, or prevent it through steric 
stabilization. The problem with the use of 
(homo)polymers as stabilizers is that bridging 
can not be avoided rigorously. The so-called 
anchor-buoy diblock copolymers do not have 
this problem. In these molecules, a strongly 
adsorbing anchor block is connected to a non-
adsorbing buoy block. Upon adsorption, the 
molecules assume a specific conformation: the 
anchor block is flatly adsorbed to the surface, 
while the buoy block extends in the solution and 
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forms a dense layer, sometimes called a "brush". 
These molecules, and their application as stabi­
lizers, are the subject of this thesis. Why we are 
interested in these specific molecules may be il­
lustrated by discussing a possible application. 

In paints, for example, polymers are mainly 
used (i) to improve the colloidal stability of 
the pigment particles, (ii) to regulate the vis­
cosity of the paint and (iii) to form a net­
work in the paint when it has been applied. 
These properties affect, respectively, the shelf 
life of the paint, its ease of application and 
the strength/resistance of the ultimate coating. 
For environmental reasons, organic solvents in 
paints will probably have to be replaced by 
water in the near future. Hence, water-based 
paints containing charged copolymers are being 
developed. The charge is helpful in improving 
the solubility of these additives. That is why we 
are interested in an evaluation of the stabilizing 
effect of charged block copolymers in aqueous 
systems. We compare this with the effect of the 
corresponding uncharged block copolymers. A 
prediction of the effect of important parameters, 
such as molecular architecture and salt concen­
tration, may help in the development of new 
water-based paint systems. 

1.2 Models 

One of our models is the Scheutjens-Fleer (SF) 
theory. An introductory overview of this theory, 
its background, elaboration, and application to 
a number of different systems can be found in a 
recent book by Fleer et al.27 In this section we 
briefly present its basic concepts (Section 1.2.1), 
as well as those of two other approaches: "Sca­
ling" (1.2.2) and "Monte Carlo" (1.2.3). This 
collection of models is by no means complete; 
scaling and Monte Carlo are simply two meth­
ods that are often applied to the problems that 

also the SF theory can handle. In our opinion, 
the three models should be viewed upon as com­
plementary: only a combination of results from 
the three approaches gives a reliable picture of 
polymeric systems. 

In the last part of this section (1-2.4) we list 
the strong, as well as the weak points of the SF 
theory. A clear understanding of at least the 
shortcomings of any model is crucial to a mean­
ingful interpretation of the results that were ob­
tained with it. 

1.2.1 Scheutjens-Fleer model 

The SF theory is actually a combination of two 
distinct parts. A Self-Consistent mean-Field or 
SCF approach is used to handle the energetic 
interactions. The conformations of the poly­
mers are calculated using a first-order Markov 
approximation. 

The SCF approximation can be illustrated 
in terms of a well-known representative, the 
Gouy-Chapman model. The latter describes 
the distribution of salt ions in the vicinity of a 
charged surface. A rigorous description of such 
a system would require a specification of the 
exact location of every single ion, as well as its 
interaction with each of the other ions and with 
the surface. According to the mean-field ap­
proximation, all these interactions sum up to 
a potential of mean force y(z) which, due to 
the symmetry of the problem, depends only on 
the distance z to the surface. The probability 
to find an ion at a certain location can easily 
be obtained from this potential. According to 
Boltzmann's law it is (for a cation with a unit 
charge) proportional to ~ exp[—y(z)]. The cru­
cial point in SCF models is that the potential 
field depends on the distribution of the species 
which, in turn, depends itself on the potential 
field. Thus, a self-consistent solution must be 
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found. In the case of the Gouy-Chapman model 
an analytical solution is available (if the volume 
of the ions is neglected). In most other cases, as 
in the SF model, it has to be found numerically. 

The SCF part of the Scheutjens-Fleer the­
ory differs only in a few respects from the Gouy-
Chapman model. Firstly, in the SF model space 
is discretized in a finite number of lattice lay­
ers. The Gouy-Chapman model, on the other 
hand, is a continuous model in which the posi­
tions of species are not discretized. This is not a 
fundamental point, as can easily be seen: when 
we take the spacing between neighboring lattice 
layers infinitely small, the continuous model is 
recovered. 

A more important difference is formed by 
the types of interactions incorporated in the 
potential field. The Gouy-Chapman approach 
considers only Coulombic forces, summing up 
to an electrostatic potential of mean force y{z), 
denoted as uel(z). Two additional interactions 
are included in the SF theory. Excluded vol­
ume interactions, arising from the physical in­
teraction of two hard spheres, are included in 
a hard-core potential denoted u'(z). This po­
tential is determined by the demand that each 
lattice layer is exactly filled. In this way the vol­
ume of the ions (and the polymer segments) can 
be accounted for. Short range interactions such 
as Van der Waals and dipole-dipole interactions 
are included in an interaction potential umt(z). 
The total potential (uel(z) + u'{z) + u in t(z)) is 
determined self-consistently by the distribution 
of all species, in the same way as in the Gouy-
Chapman model, where only the electrostatic 
contribution is taken into account. 

If the SF model is applied to monomers, this 
is all there is to it. In most cases, however, 
we wish to apply it to systems containing chain 
molecules. To do so, we need the second part of 
the SF model: the chain propagation part. The 

basic assumption used for calculating the con­
formations of polymers in the system is the first 
order Markov approximation. In this approxi­
mation the analogy between the conformation 
of a polymer and the trajectory followed by a 
diffusing particle is exploited. Basically it says 
that the set of all conformations of a chain of 
N segments with the first segment located at 
position z, may be approximated by the set of 
all walks of N—l steps starting at this location 
z. In such a walk each step is made without 
any "memory" about previously visited posi­
tions. Consequently, the walk may occasionally 
turn back on one of its previous steps. Thus 
in a Markov approximation it is not rigorously 
prohibited that two segments of one chain oc­
cupy the same lattice site. Note, however, that 
excluded volume interaction are included in the 
SF model, although only in the mean field ap­
proximation. 

1.2.2 Monte Carlo method 

A problem in computer simulations on systems 
containing long polymers is the huge number of 
possible conformations that the chain molecules 
can assume. For example, on a cubic lattice 
a (Markov) polymer of 100 segments can have 

6ioo w 1078 different conformations. In SCF-
models indeed all these conformations are taken 
into account, at the cost, however, that inter­
actions have to be averaged into a mean-field 
potential. The obvious alternative is to sam­
ple only a limited number of different confor­
mations. In this case there is no need for a 
mean field approximation and all individual in­
teractions can be explicitly accounted for. This 
approach is adopted in a co-called Monte-Carlo 
simulation. The big issue in this approach, as 
may be expected, is to make sure that the set of 
sampled states is representative of the complete 
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set. To obtain this, (i) the set should be big 
enough, (ii) it should contain the more proba­
ble states, and (iii) the correct statistical weight 
for each set should be computed. 

In the most straightforward Monte Carlo 
implementation, different ways to distribute 
molecules in the system are chosen completely 
at random and weighted with the proper Boltz-
mann factor according to the total energy of 
that state. This approach is very inefficient due 
to two related problems. Firstly, there is no 
bias towards the more probable states, so that 
the size of the sampled set must be very big 
in order to ensure that a large enough number 
of most-probable states is included. Secondly, 
since states are sampled randomly, also a (usu­
ally large) number of disallowed states will be 
chosen. These have to be discarded right away, 
since they do not contribute to the total sum 
of states. Although the sampling of forbidden 
conformations (leading to loss of efficiency) may 
be avoided, it should be done with great care: 
any special way to generate new states should 
not favor certain states over other ones. 

Alternatively, in a method described by 
Metropolis et al.,49 states are obtained se­
quentially from one another. A new state is 
obtained from a randomly chosen operation 
(called "move") on a previous state. Typical 
moves are flipping or rotating one bond or trans­
lating a molecule. This may be done quite ef­
ficiently, since only the difference in energy be­
tween two similar states need be calculated. On 
the other hand, a large number of these ba­
sic movements have to be performed before a 
new uncorrelated state is found: for example in 
Refs. 77 and 78, which describe the first Monte 
Carlo simulations on block copolymer adsorp­
tion, only one out of every 104 moves is included 
in the summation from which the average prop­
erties of the system are obtained. 

Nevertheless, efficiency is gained in this way, 
not because of the simpler calculation, but from 
the fact that the sampling of less probable or 
even forbidden states is avoided. As mentioned 
above, this biasing of the sampling towards 
more probable states may easily lead to incor­
rect statistics. In the Metropolis scheme, which 
has been shown to lead to correct results, a 
move is always accepted when it leads to a de­
crease of the total energy. If the energy in­
creases by an amount AU (in kT units), a ran­
dom number a (0 < a < 1) is generated and 
the new configuration is accepted only when 
e~AU > a. Otherwise the old conformation is 
counted again. 

In principle, with Monte Carlo only equilib­
rium properties of a system may be evaluated. 
The demands placed on the basic moves are re­
lated to the soundness of the statistical analy­
sis. Specifically, the moves need not reflect the 
actual dynamics of the system and may be cho­
sen such that the efficiency of the method is 
optimized. It is tempting, however, to try and 
choose indeed those moves that are expected to 
take place in reality. Possibly, dynamic proper­
ties of the system may then be obtained. 

1.2.3 Scaling 

The scaling approach is not a clear-cut model 
or theory, but more like a general route that can 
be recognized in a collection of studies. Some 
people prefer to restrict the title scaling only 
to those models that incorporate the blob con­
cept pioneered by de Gennes,22 or those leading 
to a description in terms of power laws. Here 
we define scaling more loosely as any model in 
which physical insight, possibly combined with 
known experimental dependencies, leads to an 
analytical description of a system. Representa­
tives that we will refer to in this thesis include 



1.2. MODELS 

the description of uncharged brushes by Mil-
ner et al.51 or Zhulina et al.,81 the adsorption 
of uncharged block copolymers by Marques and 
Joanny,47 charged brushes by Pincus57 and by 
Borisov et al.,9 and the adsorption of charged 
block copolymers by Argillier and Tirrell2 and 
by Wittmer and Joanny.76 All these studies 
follow an approach that can be summarized as 
follows: 

1. visualise a picture of the structure under 
investigation 

2. distinguish the most important interac­
tions 

3. find expressions for each of them 

4. distinguish different regimes based on the 
relative importance of these interactions 
and find expressions for measurable quan­
tities in each of those regimes. 

Although this seems a pretty straightforward 
approach, it should be noted that it is funda­
mentally different from either the SF or Monte 
Carlo model. We will illustrate this approach 
with an example: the adsorption of uncharged 
block copolymers from a non-selective solvent 
as studied by Marques and Joanny47 (MJ). 

(1) The adsorbing block is assumed to stick 
to the surface and to form a layer of A seg­
ments, the buoy block extends in the solution 
and forms a brush of B segments. Depending 
on the relative size of the two blocks N& and 
NB, the A layer can be expected to be either 
continuous or to have the structure of isolated 
pancakes. Depending on the density in the B 
layer, it is either a brush, or consists of isolated 
mushrooms. Different analyses are needed for 
each of these situations. We will repeat below 
the analysis for a dense and continuous brush 

layer, combined with a low-density and discon­
tinuous A layer. Note that the structure of the 
polymer layer is preassumed. 

(2) The equilibrium adsorbed amount has 
been reached when the energetic and entropie 
effects of further adsorption exactly cancel. In 
thermodynamic language: the change in free en­
ergy of the adsorbed layer upon adsorption or 
desorption of one molecule should be equal in 
magnitude (but opposite in sign) to the change 
in free energy of the bulk solution. 

9F\&yeT _ d fbu ik ,..N 

da da [ ' 

where a denotes the number of adsorbed 
molecules per unit of surface area. The most im­
portant contributions to the free energy of the 
adsorbed layer are the adsorption energy, the 
two-dimensional translational entropy of the ad­
sorbed molecules, and the elastic energy stored 
in the brush. The free energy of the bulk solu­
tion contains contributions such as mixing en­
ergy and translational and conformational en­
tropy. 

(3) According to the physical picture, all A 
segments contact the surface and the adsorp­
tion free energy per surface area is given by 
—ICTNAXII'7, where Xs is the (positive) adsorp­
tion energy gain per A segment. For the elas­
tic energy stored in the B brush several expres­
sions are available. The one that correctly in­
corporates the excluded volume interactions in 
a good solvent is the one following from the blob 
picture: kTNßa11/6. The translational entropy 
of an adsorbed chain is, according to standard 
thermodynamics, given by fclncr. Thus, we ar­
rive at the following expression for the free en­
ergy of the adsorbed layer per unit area: 

r layer 

kT 
-NAXs<r + NBan?6 + a\na (2) 

For a full expression of the free energy in 
the bulk we refer to the original article by MJ. 
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An important contribution is the translational 
entropy k In 4>b per molecule, where <t>b is the vol­
ume fraction of copolymer in the bulk solution. 

(4) As mentioned before, the driving force 
for adsorption is the energetic interaction, 
which is counteracted by the loss of trans­
lational and conformational entropy. How­
ever, if the block lengths NA and NB are 
long, the translational entropy of adsorbed and 
free molecules can be neglected compared to 
the contributions of the adsorption energy and 
the conformational entropy (= elastic energy). 
Thus, we may write Eq. 1 as: 

d (-NAXSO + NBan'6) 

da 

leading immediately to: 

(NAX^,b 

0 (3) 

(4) 

This expression can be combined with the well 
known scaling law for the brush thickness H ~ 
NBal/3 to give: 

H ~ NB
/5(NAXS)2/S (5) 

Several other regimes are described by MJ. For 
example, when NA 3> NB, the picture that all 
A segments are in contact with the surface is no 
longer valid and a different expression must be 
used for .Fiayer. The interested reader is referred 
to the original paper. 

1.2.4 Evaluation of SF model 

The value of a model depends on the amount 
of information it gives and the validity of its 
assumptions. Concerning the amount of infor­
mation provided, the SF model is intermedi­
ate between scaling and Monte Carlo. From a 
Monte Carlo calculation the exact positions of 
all molecules may be obtained for a given state. 

From a collection of such snapshots, averaged 
properties like segment density profiles, as well 
as the fluctuations thereof may be obtained. 
However, a physical explanation for these re­
sults is not easily obtained. For example, col­
lecting thermodynamic quantities such as the 
free energy or a chemical potential is extremely 
difficult and the values obtained are usually not 
very accurate. In this respect, a scaling analysis 
is fully complementary: by definition a physical 
explanation is provided, but detailed informa­
tion about distributions or conformations can 
not be obtained. 

The kind of information provided by SF cal­
culations is almost as detailed as that given by 
Monte Carlo: segment density profiles and the 
probabilities of individual conformations can be 
obtained. Moreover, also thermodynamic quan­
tities can easily be calculated. However, the 
physical insight is not as immediate as from a 
scaling analysis. It has to be obtained from in­
terpreting a large amount of numerical data. 

We now discuss the assumptions and sim­
plifications we use in our model. Firstly, we 
assume that a thermodynamic equilibrium has 
been reached. It should be noted that this 
shortcoming is shared with nearly all other 
models: the application of Monte Carlo to 
dynamics is questionable, and most scaling 
analyses are based on standard thermodynam­
ics, which, by definition, is concerned only 
with equilibrium properties. However, non-
equilibrium aspects play an important role in 
polymer adsorption,16 and probably even more 
so in block copolymer adsorption.44 '66 

Secondly, in the calculations we assume that 
the polymers are homodisperse, and that the so­
lution contains no impurities. Actually, this is 
not connected to the SF model. Indeed, the 
effect of impurities can easily be incorporated, 
and also polydispersity effects have been stud-



1.2. MODELS 11 

ied with the SF model.27 However, in the cal­
culations described in this thesis, as well as 
in most calculations published so far, such ef­
fects are neglected. It should be noted that 
even small amounts of impurities can have very 
big effects in colloidal systems, especially when 
these compounds are surface active. Also poly-
dispersity effects are generally very important: 
even for a relatively homodisperse polymer they 
may lead to qualitatively different behaviour. 

A third and most severe approximation, the 
mean-field one, is necessarily present in all SF 
calculations. The problem with this approxima­
tion is that it has numerous implications, each 
of which is difficult to explain rigorously. We 
will give a few examples below. 

Fluctuations induced by excluded volume 
interactions are neglected in the mean field pic­
ture. This has an important consequence for 
the " correlation length" or " blob size" of a semi-
dilute polymer solution. This length has been 
shown by Edwards17 to scale with the polymer 
concentration <f> as £ ~ 0 - 1 / 2 in a mean field, 
whereas experiments have proved that in good 
solvents it should scale as £ ~ 0~3'/4. The wrong 
mean-field scaling leads, for example, to an in­
correct shape of the segment density profile of 
homopolymers adsorbed from a good solvent, as 
discussed recently by van der Linden and Leer-
makers.71 

Also fluctuations resulting from electrostatic 
and/or contact interactions are neglected. If 
two components A and B attract one another, 
it may be expected that the number of A — B 
contacts increases, leading to some clustering. 
In the mean-field approximation, this clustering 
is not taken into account. Several models exist 
to incorporate charge-induced fluctuations in a 
mean-field model.4 It turns out that qualita­
tive effects can be observed only when divalent 
or trivalent ions are present in high concentra­

tions.35 The effect of fluctuations induced by 
contact interactions can be studied using the 
quasi chemical approximation.33 Preliminary 
results seem to indicate that again only in con­
centrated systems these fluctuations are impor­
tant. 

The first-order Markov approximation, 
which is connected with the mean-field approx­
imation, implies that once the chains have been 
placed on the lattice, the connectivity infor­
mation is lost: a segment does not "know" 
to which chain it belongs. This has impor­
tant consequences for dilute systems, e.g., for 
the conformation of an isolated coil. The av­
erage dimension of a Markov chain scales as 
R ~ JV05, whereas if the segments within a 
chain do feel one another, a higher exponent 
R ~ Noe is found. This breakdown of the 
mean-field approximation is also illustrated by 
its failure to describe correctly the system of 
dilute brushes, also called mushrooms, as dis­
cussed in Chapter 2. For charged molecules 
even stronger effects can be expected. Mutual 
repulsion among charged segments in a poly-
electrolyte increases the chain stiffness consid­
erably. At very low salt concentrations, iso­
lated polyelectrolytes may even behave as rigid 
rods. In our current mean-field model, these 
intramolecular stiffening effects are neglected. 

One might easily conclude from the above 
that our approach is useless: important aspects 
of polymer behaviour such as polydispersity ef­
fects and adsorption dynamics are not taken 
into account, and we use a mean-field approx­
imation, which may cause severe errors. We 
would not agree with such a conclusion. If the 
results of SF calculations are interpreted with 
care, they may give valuable information on 
many aspects of polymer adsorption. Prefer­
ably, information obtained by SF calculations 
should be combined with results from other 
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models to arrive at a more complete picture. 

1.3 Systems 

1.3.1 Adsorption of charged di-
block copolymers 

The adsorption of charged block copolymers is 
the central issue in this work. The type of block 
copolymer we consider is an anchor-buoy di-
block copolymer. The anchor block, consisting 
of NA segments, is uncharged and adsorbs to 
the surface. The buoy block, on the other hand, 
consists of NB segments that do no adsorb and 
carry a charge which is specified by an average 
segment valency a. The interaction of A and 
B block segments with the solvent (0) is spec­
ified by Flory-Huggins interaction parameters 
XAO and XBO, which are taken to be identical 
(non-selective solvent). We consider the adsorp­
tion of these molecules from a dilute solution to 
a flat, homogeneous, and uncharged surface. 

Very little is known about such systems. To 
our knowledge, only three other theoretical pa­
pers, using the "scaling" approach, have been 
published.2,15,76 Below, we give a brief overview 
of available information on some related sys­
tems for which at least a partial similarity may 
be expected. Several of those systems may be 
considered as limiting cases of the adsorption 
of charged diblock copolymers. For example, 
if we take the buoy block length to be zero, 
the problem reduces to homopolymer adsorp­
tion (Section 1.3.2), for which a wealth of infor­
mation is available. Choosing a = 0 leads to the 
case of uncharged block copolymer adsorption 
(1.3.3). The resemblance to a third system, that 
of the terminally anchored chains or brushes, is 
obvious: it follows automatically when desorp-
tion is disregarded (1.3.4 and 1.3.5). Strictly 
speaking, the adsorption of charged homopoly-

mers can not be obtained as a limiting case of 
(charged) diblock copolymer adsorption. Nev­
ertheless, it shares some of its characteristics 
and will be discussed as well (1.3.3). We will 
discuss each of these systems below and refer, 
where appropriate, to existing literature. All 
these systems are discussed in more detail in 
two reviews on polymer adsorption that have 
appeared recently.27,41 

1.3.2 Homopolymer adsorption 

The affinity of polymers for interfaces results 
usually from Van der Waals forces. Also dipolar 
and hydrogen-bonding forces may play a role. 
The adsorbed amount may be expressed as a 
mass per unit of surface area. A typical value 
for homopolymers is of order of 1 mg/rn2. 

It has been mentioned before that poly­
mers adsorb strongly due to their size. One of 
the consequences is that the adsorbed amount 
hardly depends on the polymer concentration 
in the bulk phase. This is illustrated in Fig­
ure 1, where we plot the adsorbed amount T as 
a function of this bulk concentration <frb, for a 
polymer and for a small molecule. Such a curve 
is known as an adsorption isotherm. The ini­
tial part of the isotherm for the small molecule 
is called the Henry-region: T increases linearly 
with the concentration. For a polymer the ad­
sorbed amount rises very steeply at low concen­
trations, and reaches a semi-plateau. For obvi­
ous reasons, this kind of curve is called a high-
affinity isotherm. Strictly speaking, the differ­
ence is only a matter of scale. A Henry-type 
isotherm is also found for polymers, but only at 
extremely low concentrations. 

The conformations of adsorbed homopoly­
mers are often discussed in terms of loops, tails, 
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Figure 1 Schematic illustration of a high-affinity 
and a low-affinity adsorption isotherm 

and trains. Trains are defined as sequences of 
segments in contact with the surface, loops have 
no contacts with the surface and connect two 
trains, and tails are non-adsorbed chain ends. 
For relatively short chains, most segments can 
be found in trains. Hence, the adsorbed layer 
is relatively thin in this case. For longer chains 
and in poor solvents, the number of segments in 
loops increases, while the number of train seg­
ments remains roughly constant. This leads to 
an increase of both the adsorbed amount and 
the thickness of the adsorbed layer. 

Detailed information on the structure of the 
adsorbed layer has been obtained by scaling 
analyses,19 '20 SF calculations,61,62 and MC sim­
ulations.23,43 For an evaluation of the results, 
and a comparison with experimental results, we 
refer to two reviews mentioned above. 

1.3.3 Polyelectrolyte adsorption 

The most important observation that we wish 
to make on the adsorption of charged homopoly-
mers is that it is much more complicated than 
the adsorption of uncharged polymers. Since ei­
ther the surface, or the polymer, or both may 
be charged, there are several additional pa­
rameters. Moreover, also the salt concentra­

tion is an important variable now. Despite its 
complexity, one general principle can be for­
mulated for this system: charge compensation 
is an important factor in determining the ad­
sorbed amount. Consequently, for polyelec-
trolytes adsorbing to an oppositely charged sur­
face, the adsorbed amount increases with in­
creasing surface charge. Moreover, also a de­
creasing polymer charge leads to higher ad­
sorbed amounts. However, when this charge 
becomes too small, the driving force for adsorp­
tion disappears: the adsorbed amount decreases 
again and the salt ions take over in compensat­
ing the surface charge. Thus, a maximum in 
the adsorbed amount can be found as a function 
of polymer charge. Adsorption of polymers to 
equally charged or uncharged surfaces counter­
acts electroneutrality. Consequently, adsorbed 
amounts are low in this case; adsorption occurs 
only if there is a non-electrostatic contribution 
to the segmental adsorption energy. The salt 
concentration is very important in both cases: 
if it is increased, the adsorption at uncharged 
surface increases strongly, whereas the adsorp­
tion at oppositely charged surfaces decreases. 

A number of important questions are still 
open. For example, experimentally determined 
adsorption isotherms appear to be of the low-
affinity type, which is unexpected. Further­
more, extremely thick, as well as very thin lay­
ers have been measured; theoretical treatments 
almost always predict thin layers. Generally, 
non-equilibrium aspects seem to play an even 
more important role than they seem to do for 
the adsorption of uncharged polymers. 

Overviews of experimental work on the ad­
sorption of polyelectrolytes can be found in the 
two previously mentioned reviews and in a third 
one by Cohen Stuart.12 Almost all theoret­
ical studies employ the Self Consistent Field 
method, leading either to analytical56 '58,69 '74 or 
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numerical8,25,32 '70,72 solutions. Some calcula­
tions based on the Monte Carlo method have 
been published,5,50 but we are not aware of any 
scaling analyses. 

1.3.4 Uncharged brush 

Chemical procedures exist to attach the end of 
a polymer to a surface. Such a "terminally-
attached", or "grafted" molecule cannot desorb: 
the adsorbed amount is constant, determined 
by the way in which the system was synthe­
sized. The question that needs to be answered 
in these systems is: how does the thickness and 
structure of the adsorbed layer depend on three 
parameters: grafting density, chain length, and 
solvent quality. Depending on the grafting den­
sity, two regimes may be distinguished. At low 
density the grafted molecules do not feel one 
another and each molecule forms an isolated 
"mushroom". The brush regime is found at 
higher coverages. This is one of the subjects 
on which agreement has been reached between 
different theories and experiments: the segment 
density profile of a brush has a parabolic shape, 
and the thickness H is given by: 

H ~ N(va ,1/3 (6) 

where N is the chain length, a the anchoring 
density, and v the excluded volume parameter 
of brush segments. 

Several scaling approaches, based on two dif­
ferent physical pictures, have been applied to 
the brush problem. Firstly, the blob model was 
used by Alexander and de Gennes.1 '18,21 In this 
early model the volume fraction profile was as­
sumed to be a step-function. Several years later, 
a strong-stretching model was employed inde­
pendently by two different groups.51,81 Monte 
Carlo results are due to Cosgrove et al.13 who 
also compared them to SF calculations. The 

first SF calculations on this system, however, 
are due to Hirz.34 The theoretical approaches 
and results of SANS experiments on these sys­
tems have been reviewed recently by Halperin29 

and Milner.52 

1.3.5 Adsorption of uncharged 
diblock copolymer 

Characteristics of both homopolymer adsorp­
tion and end-grafted polymers are combined in 
the adsorption of diblock copolymers. The an­
choring block adsorbs in trains and loops, sim­
ilar to a homopolymer, whereas the buoy block 
extends into the solutions, forming a brush. 

The big difference with a brush of grafted 
molecules is that the adsorbed amount is now 
determined by the adsorption/desorption equi­
librium and thus depends on both block lengths 
as well as the surface affinity of the anchor. 
At least two regimes may be distinguished. 
When NA 2> NB the amount of free surface 
space is the determining factor and the ad­
sorbed amount decreases with increasing anchor 
block length NA ; when NA <C NB the affinity of 
the anchor is more important and the adsorbed 
amount increases with NA- Consequently, the 
adsorbed amount passes a maximum with in­
creasing NA-

This system has been studied only very 
recently with the Monte Carlo technique.77 '78 

The calculations are limited to systems con­
taining relatively short chains. Still, they 
confirm roughly the picture described above, 
which was obtained from a number of sca­
ling studies,44 '47,54 '55 two independent SF cal­
culations,24,73 and several experimental re-
sults.42,46-55,67 
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1.3.6 Charged brush 

Charged brushes have been described by sev­
eral groups.9 ,10 ,50 '53 ,57 '60 The most extensive 
results are due to Pincus et al.57,60 and Borisov 
et al.9,10 Both groups, employing a scaling ap­
proach, agree that several regimes can be iden­
tified. At high salt concentration, low charge 
density, or extremely high grafting density, elec­
trostatic interactions can be neglected and the 
brush behaves as a quasi-neutral brush. For the 
case that electrostatic interactions are impor­
tant, at least two additional regimes have been 
described. In the absence of external salt the 
Osmotic Brush is found, of which the thickness 
is independent of the grafting density and scales 

H ~ Na1'2 (7) 

In the Salted brush regime electrostatic interac­
tions are partly screened by the addition of salt 
and the scaling behaviour is very similar to that 
of an uncharged brush: 

H ~ N(veSa) 1/3 
(8) 

where the rescaled excluded volume parameter 
is given by: 

vef[ = v + a (9) 

The various scaling analyses begin to reveal 
a consistent and highly interesting picture of 
these charged brushes. Monte Carlo and SF 
results have not yet been described, though. A 
start with the investigation of these system is 
made in the present thesis: Chapters 2 and 3 
are devoted to charged brushes. 

1.4 Outline of the thesis 

The principal aim of this thesis is an evalua­
tion of the effect that the adsorption of charged 

diblock copolymers has on colloidal stability. 
However, this specific issue is addressed explic­
itly only in Chapter 5. First, we study in Chap­
ters 2 - 4 three related issues that will serve as 
building blocks for our final conclusion. 

We start with investigating the related sys­
tem of charged brushes. In Chapter 2 we 
present SCF calculations for a wide variety of 
different parameter choices in this system and 
compare the results to existing scaling the­
ory. The scaling approaches for charged brushes 
are also based on the mean-field approximation 
and, as expected, our numerical results roughly 
confirm their predictions. 

In Chapter 3 we study brushes of weak poly-
acids. We show that the acid-base equilibrium 
may be incorporated very straightforwardly into 
the model, analogous to the two-state approach 
as developed independently by Björling et al.7 

and van Lent et al.68 The results are very sur­
prising indeed: the brush thickness is shown to 
pass a maximum as a function of salt concen­
tration. This at first sight anomalous behaviour 
can be fully accounted for in terms of a simple 
scaling model. 

The next two chapters are devoted to the ad­
sorption of charged diblock copolymers. First 
we concentrate on the adsorbed amount and 
layer thickness in Chapter 4. The numerical 
results show the adsorption of charged copoly­
mers to be fundamentally different from that 
of uncharged block copolymers. The adsorbed 
amounts are very low, and the maximum that 
was described for uncharged diblock copolymers 
is not found. Nevertheless, the system can be 
described with a few very simple scaling ex­
pressions, adapted from the scaling behavior of 
charged brushes. 

The consequences of those results for the ef­
fect of diblock copolymers on colloidal stability 
are discussed in Chapter 5. We are indeed able 
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to formulate a simple law predicting which sys­
tems will be stable and which not. 

Each of the four Chapters 2 - 5 may be read 
independently. Those who are interested in the 

most important conclusions only, may proceed 
directly to the summary given in Chapter 6, or 
to the dutch "samenvatting" in Chapter 7. 



Chapter 2 

Charged brushes 

2.1 Introduction 

During the last decade, a considerable amount 
of effort has been spent on the theoretical anal­
ysis of polymer brushes, i.e., layers of polymer 
chains fixed by one end at impermeable sur­
faces of various geometries. Typical examples of 
such systems are the supermolecular structures 
that are formed in melts and solutions of block 
copolymers with incompatible blocks. Brush­
like structures are also present in the adsorption 
layers formed by block copolymers with selec­
tively adsorbing blocks. The practical relevance 
of these systems is that the brush forms a sta­
bilizing coating on colloid particles, preventing 
aggregation. 

The behaviour of neutral polymer brushes 
under various conditions is rather well under­
stood. Not only the scaling dependences for the 
average brush characteristics, but also the fine 
details of the intrinsic brush structure predicted 
theoretically are in reasonable agreement with 
experimental observations (see e.g., the review 
by Halperin et al.29). 

Charged brushes, i.e., brushes formed by 
polymer chains containing ionizable groups, 
have been investigated to a lesser extent than 
neutral ones. This is due to the complexity 
of the system, which arises from the appear­

ance of long-range electrostatic interactions in 
a charged brush. Scaling analyses of a pla­
nar polyelectrolyte brush9 '57,81 revealed a much 
more complex behaviour than that of neutral 
brushes. 

Pincus was the first to show that, depend­
ing on the degree of charge of the chain and the 
grafting density, a polyelectrolyte brush can ex­
hibit two different types of behaviour:57 it can 
be either strongly charged, loosing its mobile 
counterions (Pincus regime), or conserve the 
counterions mainly inside the brush and, thus, 
be practically electroneutral (Osmotic regime). 
Borisov et al.10 argued that at high grafting 
densities the volume interactions between non-
charged units dominate over electrostatic inter­
actions, leading to the quasi-neutral regime. 

If the salt concentration in solution ex­
ceeds by far the concentration of counterions in 
the brush, the so-called salt-dominance regime 
(Salted Brush) is found.9,57 The scaling depen­
dences of the brush thickness in this regime are 
similar to those in the uncharged brush: the in­
teractions in the brush can be described by an 
effective second virial coefficient incorporating 
both non-electrostatic and electrostatic interac­
tions. 

Some attempts have been carried out to an­
alyze the intrinsic brush structure, the distribu-

17 
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Figure 1 Schematic picture of a charged brush. 
The positively charged chains are grafted to a flat 
interface. Co- and counterions are free to move in­
side the brush or in the bulk phase. 

tion of counterions and that of the electrostatic 
field. Based on the solution of the Poisson-
Boltzmann equation for the electrostatic field 
in a brush, segment density profiles were cal­
culated numerically.50,53 An asymptotical an­
alytical solution for brush characteristics was 
obtained by Zhulina et al.81 under the simpli­
fying assumption of local electroneutrality in 
the brush. It was shown that, contrary to the 
case of a neutral brush, where the shape of the 
segment density profile is sensitive to the sol­
vent quality (parabolic under the conditions of 
athermal solvent, sharpening gradually with de­
creasing solvent quality11), the distribution of 
segments in a polyelectrolyte brush is described 
by a Gaussian function over a wide range of sol­
vent qualities. Only at solvencies that are worse 
than that of a ^-solvent (x > 0.5), the brush 
collapses abruptly. 

In the present paper we present the anal­
ysis of polyelectrolyte brushes, using the self-
consistent-field approach developed originally 
by Scheutjens and Fleer61,62 to describe the ad­
sorption of uncharged homopolymers. It was 
extended to describe brushes by Cosgrove et 

al.13 and to electrostatically charged systems by 
Evers et al.8 '25 With this lattice model, it is 
possible to obtain a rigorous numerical solution 
(within the self-consistent mean-field approxi­
mation) for the equilibrium characteristics of a 
polyelectrolyte brush. Thus, a detailed com­
parison of (asymptotical) analytical predictions 
with a more exact numerical solution of the 
brush is possible over a wide range of condi­
tions. 

This chapter is organized as follows: In Sec­
tion 2.2 we present the main results of the an­
alytical theory for a polyelectrolyte brush. Sec­
tion 2.3 outlines the numerical lattice model. 
Section 2.4 contains the results of comparisons 
between the two models, and in Section 2.5 we 
summarize the main conclusions. 

2.2 Analytical model 

Definitions We consider a planar layer 
formed by long flexible polyelectrolyte chains 
consisting of N units of size a (with N >• 1). 
The chains are grafted at one end onto an im­
permeable surface with an average area per 
chain denoted by a2a (Figure 1). Each poly­
mer chain contains Q = N/m ionizable groups, 
with am being the average distance along the 
chain between two neighboring charged units. 
We assume that all polymer chains are posi­
tively charged and that each ionizable group 
carries a charge +e. Only weakly charged chains 
are considered (m S> 1), so that direct electro­
static repulsion along the chain does not lead to 
electrostatic stiffening. 

The grafted layer is in equilibrium with a 
bulk solution, which contains only solvent (wa­
ter), and sometimes salt. We take the salt to 
be symmetrical. Consequently, the concentra­
tions of both (monovalent) ions in the bulk are 
equal and denoted by cf>s (expressed as a volume 
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fraction). In theory, one can distinguish chain-
counterions and salt-counterions. In this paper 
we assume both types of counterion to be iden­
tical. Thus, in the grafted layer, we distinguish 
only the concentration of co-ions (<j>+) and the 
(total) concentration of counterions (0_). 

Below we will introduce four different mea­
sures of brush thickness, which we summarize 
here for quick reference. The thickness H is de­
fined as the upper boundary of the brush, i.e., 
the distance where the segment density profile 
drops to zero. A gaussian profile extends in­
finitely far: H = oo. Therefore we define ho to 
be the characteristic length of the (Gaussian) 
profile for a salt-free brush. Hims is defined as 
the second moment of a segment density pro­
file. Finally, we will use the rescaled thickness 
z = H/h0 

Scal ing- type r e la t ions In addition to long-
range electrostatic interactions, conventional 
short-range interactions between non-charged 
units are also present in the system. The 
equilibrium structure of a brush is determined 
by the balance of all intermolecular interac­
tions. Ignoring all numerical coefficients, a 
rough scaling-type picture of a polyelectrolyte 
brush has been constructed.10 In Figure 2 we 
summarize the main results of this treatment. 
The figure shows a "diagram of states" for a 
grafted polyelectrolyte brush in (m, er) coordi­
nates on a logarithmic scale. The brush is as­
sumed to be immersed in a salt-free solution 
under the conditions of a marginal solvent. 

Several different regimes are distinguishable 
in Figure 2. At high a (loose grafting), individ­
ual coils can behave either as quasi-neutral Non-
overlapping Chains (NC) at low charge densi­
ties (high m) or, if the charge density \/m is 
high enough, as Isotropically distributed Sticks 
(IS). In this IS regime, chains are stretched 

Figure 2 Diagram of states for a charged brush in 
the absence of external salt. At fixed chainlength 
N, six different regimes may be found, depending 
on the distance m between charges on the chain 
and the area a per grafted molecule: NB (quasi-
Neutral Brush), NC (Neutral Coils), OsB (Os­
motic Brush), PB (Pincus Brush), Or S (Oriented 
Sticks), and IS (Isotropically distributed Sticks). 
The scaling behavior for the boundaries is given in 
the Rgure. 

due to intramolecular electrostatic repulsion, 
/niermolecular orientational effects in charged 
coils appear with decreasing <r, leading to the 
Oriented Sticks regime (OrS). 

Below the conventional threshold of later­
ally overlapping chains, three main regimes are 
possible. Weakly charged (m 3> 1) and densely 
grafted (a < N) brushes exhibit quasi-neutral 
behaviour, where non-electrostatic interactions 
between units dominate over electrostatic inter­
actions; we call this the quasi-Neutral Brush 
(NB). For more highly charged brushes (m <C 
N), we find either the Osmotic Brush (OsB) 
or Pincus Brush (PB) regime. In the osmotic 
regime, the mobile counterions are located in­
side the layer and the brush is swollen by the 
osmotic pressure of the counterions. In the Pin­
cus regime practically all counterions leave the 
brush and the chains are stretched by the un­
screened electrostatic repulsion among units. 
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NB v^Na"1'3 

NC wi/5jv3/5 

OsB Nm-1'2 

PB N3a-lm-2 

OrSJS Nm-2'3 

G N1'2 

SB yVa-1/3m-2/3^-l/3 

Table 1 Scaling relations for the brush thickness 
H/a in various regions of the diagrams in Figures 
2 and 3. 

The scaling dependences of the brush thick­
ness H in the various regimes, are collected 
in the first five rows of Table 1 (the last two 
rows will be discussed later). The parameter v 
in the table is the dimensionless second virial 
coefficient. The boundaries between any two 
regimes (indicated in the figure) are obtained by 
equating the expressions for the brush thickness 
in those two regimes, except for the OrS/IS 
boundary, which is obtained from the condition 
that the orientational energy of a polyion is of 
the order kT.10 In the expressions given in the 
figure, f was omitted. 

Above we described the scaling behaviour of 
a brush (I) using the Gaussian expression for the 
stretching energy, (II) neglecting ternary and 
higher order interactions, and (III) using the 
mean-field approximation. In order to make a 
comparison with the numerical model, we have 
to simplify the picture slightly more, as we will 
do in Figure 3a. The limitations of the numeri­
cal approach used in the present paper, in par­

ticular the fact that it collects inter- as well as 
intramolecular interactions into one (averaged) 
mean field, cause it to break down at low densi­
ties. Here intermolecular interactions are negli­
gible; as a consequence, also intramolecular in­
teractions are neglected. The behaviour of a 
single Gaussian coil with H ~ \/N is recovered. 
In Figure 3a a modified diagram of a salt-free 
brush is shown, where the three regimes at low 
density: (NC), (OrS), and (IS) are substituted 
by this Gaussian regime (G). This is the dia­
gram that may be expected to agree with cal­
culations from our numerical calculations. As is 
seen from Figure 3a, such a substitution makes 
the PB regime wider than in Figure 2. Cor­
respondingly, the boundaries PB/G and NB/G 
are also shifted to higher values of a. 

So far we only considered brushes that are in 
contact with a salt-free solution. The effects of 
added salt have been described before.9,57 We 
will summarize the main points of this analysis. 
The addition of electrolyte increases the screen­
ing of electrostatic interactions, and as a conse­
quence a new regime appears between the OsB 
and PB regimes. This salted brush (SB) regime 
and the evolution of its boundaries upon further 
increase of the salt concentration are shown in 
Figures 3b-c. Below we will first describe the 
interactions in the SB regime and then discuss 
the location of its boundaries. 

We adopt here the simple picture of a salted 
brush suggested in Ref. 57. According to this 
picture, when the concentration of salt ions ex­
ceeds by far the concentration of brush coun-
terions, the brush characteristics are similar to 
those of a neutral brush. As mentioned before, 
we describe non-electrostatic interunit interac­
tions using a mean-field approximation and in­
troduce a3v = a3(l/2 — x) as the second virial 
coefficient of pair interactions. As will be de­
rived below (Eq. 23), screened electrostatic 
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Figure 3 Diagram of states for a charged brush in a mean field model 
at fixed N for different salt concentrations 4>s < N~2 (3a), N~2 < <j>s < 
AT"4/3 (3b), N~A'3 < cj>s < N-1 (3c), and <j>s > N'1 (3d). The SB 
regime (Salted Brush) is shaded, the expressions for the boundaries are 
indicated. 

interactions in the (SB) regime can be described 
by an electrostatic second virial coefficient:9,57 

a3 

«ei = 77—5 (!) 

and scaling relations can be obtained by substi­
tuting nei for v in the expressions for a neutral 
brush (see Table 1). 

We now turn to the size and shape of the 
SB regime. Upon increasing the salt concen­
tration, beginning at 0S = 0, the SB regime will 
first appear next to the PB regime. The thresh­
old salt concentration é° above which salt ef­

fects become noticeable, is given by the demand 
that the Debye screening length K _ 1 ~ a 0 - 1 / 2 

is of the order of the brush thickness H. Since 
the maximal stretching of chains in the PB 
regime is attained at m ~ 1, near the bound­
ary with the OsB regime (a ~ ./V2), one obtains 
H/a ~ N ~ (j)-1'2 or 0° ~ JV"2. At <j)s < <f>° the 
diagram of a brush coincides with that for a salt-
free brush (Figure 3a). Increasing the salt con­
tent (<f>a > <jPs) results in the appearance of the 
SB regime as indicated in Figure 3b; the highest 
point of this regime, located at the intersection 
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of the lines a2m = <j>~2 and irm3 '2 = A''2, moves 
up along the latter line until the NB regime is 
reached at a = N, m = N2^3. At that point 
4>s = N~AI3, which is the upper limit for Figure 
3b. 

If the salt concentration is further increased 
(Figure 3c), the horizontal boundary between 
the SB and NB regimes, at m = </>71/'2, moves 
down, thereby diminishing and narrowing the 
PB and OsB regimes. When m has decreased 
to the intersection of the lines a = N3^2 and 
am2 = Nh'2, at m2 = N or cj>s = N~\ the 
PB regime has disappeared altogether. The ef­
fect of a further increase of <ps (Figure 3d) is to 
enlarge the NB regime (to higher values of the 
charge density 1/m), at the expense of the OsB 
and SB regimes. 

Segment density profiles The remainder of 
this section is devoted to a detailed description 
of the brush in the three high density brush 
regimes: OsB, SB, and NB. First we derive a 
general description of the segment density pro­
file, then we solve these equations neglecting 
excluded volume interactions, and in the final 
part we derive an implicit equation for the pro­
file without neglecting excluded volume interac­
tions. 

In the OsB regime mobile counterions of 
charged chains are located mainly inside the 
brush. In the SB regime salt ions provide 
the screening of electrostatic repulsion between 
polycations. In both cases, the characteristic 
scale of smoothening of the counterion distribu­
tion in the brush and outer solution is given by 
the Debye-Hückel screening length: 

_! i am1'4*1'2 (OsB) 

a<t (SB) (2) 

The exression for a * in the OsB regime 
can be obtained from the conventional relation 

K ~ <j)\l2, realizing that the screening of elec­
trostatic interactions in this regime is carried 
out by the chain-counterions with a concentra­
tion N/(moH) ~ cr_1m~1/2. In the SB regime 
(where <j>„ » m_1/2(T_1), the Debye length is 
determined by the external concentration <j>a. 

If K -1 <C H, we can use the approxima­
tion of local electroneutrality. This results in a 
considerable simplification of the description of 
the system, because it permits us to reduce all 
electrostatic interactions (if we neglect free en­
ergy contributions due to correlation effects9,81) 
to the translational entropy of (counter)-ions 
only. Following the scheme of Ref. 81, we 
first generalize the results of Ref. 9, and take 
non-electrostatic volume interactions between 
units as well as the own volume of salt ions 
into account. For simplicity we assume that the 
own volume of an ion coincides with that of a 
polymer unit, a3. Denoting by <j>p(x) the vol­
ume fraction of polymer segments at distance 
ax from the grafting surface and with </>+(x) 
and 4>-(x) the corresponding profiles of co- and 
counterions, respectively, we write the condition 
of local electroneutrality in the brush as: 

t>P(x) 
m 

+ 4>+{x) = 4>-{x) (3) 

We keep in mind that all concentrations are a 
function of the position in the brush and omit 
x from the equations. Note that both 4>+ and 
<t>- converge to the bulk solution concentration 
(ps outside the brush (x —> oo). Assuming that 
contact interactions are identical for solvent and 
ions, we can write the local free energy density 
in a brush as: 

m+,< 
kT = <£+ln[0+] + <Mr#_ ] 

+ (/.oln0o + x 0 P ( l - 0 p ) (4) 

where <ƒ>_ can be expressed in <p+ and <f>p through 
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Eq. 3 . T h e volumefract ion of solvent, (fio, fol­

lows from: 

E< + </>_ + . i (5) 

The first two terms in Eq. 4 take into ac­
count the translational entropy of salt co- and 
counter-ions, respectively, the third term rep­
resents the translational entropy of solvent 
molecules (i.e. excluded volume effects), and 
the last term accounts for the solvent qual­
ity (x is the familiar Flory Huggins parame­
ter28). In the bulk solution, where <f>p = 0 and 
<j)+ = (f>_ = 4>s, the free energy is given by: 

kT 
= 2<f>s In <j)s 

+ (1 - 2<t>s) l n ( l - 2cf>s) (6) 

Following the scheme of Ref. 81 the condi­
tions for equilibrium in a brush are given by: 

S f [</>+, 

<w+, 
= A-

dfb[<Ps 

3TT2 

8iV25 

(7) 

(8) 

where /J,S is the chemical potential of salt and A 
is an undetermined constant providing normal­
ization of the profile of polymer units. Eq. 7 
reflects the constancy of the salt chemical po­
tential in- and outside the brush, while Eq. 8 is 
analogous to that for a one-component brush.11 

The derivation of Eq. 8 was obtained along the 
lines of Ref. 82 from a first approach by Se-
menov.64 It is briefly outlined in Appendix A. 
The two approximations used are, that the elas­
tic free energy of stretching is given by a Gaus­
sian expression, and that the full set of confor­
mations is reduced: all conformations having 
their endsegments at the same distance x' from 

the surface are represented by only one confor­
mation. After some algebra one obtains: 

((/>+ +<j>p/m){cj>+) _ (c/>s)
2 

[ l - 2 0 + - 0 p ( l + l /m) ] 2 [ 1 - 2&P 

(<t>+ + 0 P / r a ) = 

[1 - 20+ - <f>p{l + l /m)] 1*™ ~ 

(j>s e x p [ ( # 2 - x2)jh\ + 2x<j>Pm] 

(9) 

(10) 
[1 - 2 & P + -

where H is the upper boundary of the brush, 
determined by the normalization condition: 

a I 4>Jx)dx = A'' 
Jo 

(H) 

and hod is the decay length of the (Gaussian) 
segment density profile of the corresponding 
salt-free brush, given by: 

, 8 JV2 

hl = T^— 12 

Simultaneous solution of eqs. 9, 10 and 11 
provides the equilibrium parameters of a poly-
electrolyte brush: its height, H, the profile 
(pp(x) of polymer units, and the distributions 
of salt co-ions 4>+(x), and counterions (f)-(x) = 
(j)+(x) + <j)p(x)/m. 

Profiles - no excluded volume If non-
electrostatic excluded volume effects are totally 
neglected, these equations transform into the 
corresponding equations of ref. 81: 

0 + ( s ) = <t>seM-{H2-x2)lhl] (13) 

4>p{x) = m{<i>2l<j>+{x)-ci>+{x)) (14) 

The upper boundary of the layer, H, is deter­
mined by the normalization condition (14): 

7 : ez2 [Ze-t2dt-e-z2 / V 
Jo Jo 

dt 

with: 

7 = 

H/ho 

Na3 

(15) 

(16) 

(17) 


